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1. 3-Graph
W—T DR ER 22 cubic (3-regular) graph G=(V,E) {2 c:E—1{1,2,3| %. e~e’

(edge-adjacent) 2 HE, c(e)Fc(e') &% 5, map(edge-colouring) &F 5L %, G, c)
T, BELT G % 3-graph &) (BT Y LVEARIEIXBDRVHIT 2 TR
9)o (—RXIZ n-graph PEHZBENA D, TP n-regular graph A% n-graph &% 3
DIITIERw),

ZD& &, sub-graph 6=, le€E;cle)=i or jl)=6, C G, ¢), (i, i, ki=11,2,31)

VW ODD cycle @fcycle, (i, i) -cyclel V)il bo by G, )=SH#6;; (i +i)=S#6y
23 16 )DPRBOAERTHS, ZZT #6 1 6 D component NFEFEL

6 '=(V, {e€E: c)#K), ;=6 li.i kt=1,23}),

77 70RME=T, HHZHAORMBIZSTRTZLICT S,

E# [characteristic of an edge ]
e % cle)=i 25 G DABLTH, y:E— {0,1,2l 2RDELHIIZEHEL T, v () %
e @ characteristic £\, (e DMWHE%E e THRT, )

(1) 8e D232 G =Gjk, i, i k=11,2,3)DRED cycle IKHBEE, y (e)=0.
(2) 9e D2 FMDIEEHH® G~ T, even DEE, y (e)=1.

() e D2 RMDEMEND 6;” Ty odd DEE, v (e)=2
G A% bipartite 6L, y (e)*1 Th 5,
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€% [H-reduction]
e CDALTHLERTRENBE ST TDOEHR G,¢)—>G,c)//e % H-reduction

(at e) v\, WEF% H-expansion &V29, H-reduction i bipartiteness %#RHFT

% (H-expansion ¥ bipartiteness 2 REFTH L HIITE3),
y (e)=i DBFD H-reduction (expansion) % H;-reduction (expansion) & FER (i=0,1,2)0

—f&IZ1X. H-reduction (H-expansion) i EEH 2 REL 2\,

uj
Vi up Vi
.;) é@
u v
u3 R ., V3 u3 . O V3
" ... ob vs ; Uy ..--..-.n ----- () vy
(G?c) (H’d) (G,C) # (H,d)
(uy)

(= 2)

E#% [sum]
220 3-graph G, c) & @,d) HLT, BR2OERTHRONS 3-graph . sun &0

VW, G,c)# M,d)/ @ v) THT, sun X bipartiteness 2 RET 3,
—f&iZiE sum G, c)# H,d) /WY I 7ORBOBRTIZT—FICIIET OV (4, v

EFET5),

e'
f' u
Y2 - e 2
o /Sy u\ 9
Y1 uj
(G,0)+(H,d)
(ef)

(= 3)

%% [addition]
220 3-graph G, c)& M, d) DB e & 1 (cle)=d{))IZDNWT, H3OEETELR
% 3-graph % (G,c) & (1,d)D addition &3, (G, )+, d)/ (e, f) THEKT o addition
it bipartiteness 2RFET S, G, c)+H, d /() = HA)+EGc)/{, e)o
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2. USOLHBE

3-graph (G, c) ERAFEHS 57 LR T, & component CCGyj (i +j)il2-disk %o
TROND 2RTTEEE PG, o) iZBAMEE 2%, BIME PG, c)ix G A% bipartite 2 &
ZIC orientable, %9 T2\ B¥ non-orientable T# 5%, orientable %2 & X%, ZDTH
HEEHM VG, c)=WUB®NB=¢) & (shite vertex, black vertex) D 2T b s
b, TED—H(ZZ Tt white) 2EL TEDTHETD colour NFEF B % 11,2,3) %
EDHDHZ LT orientation TEDB I LHTE 3,

B2, EEOMAME F iYL T, Z2O=ZAESED dual cell 5H% & E, Ehat
BRI 3-grtaph 6, c)2HLRATBY, PG, c)woF i3,

Hp-reduction (Hy-expansion) & 77 7DHKRHA TS homeo type 2 EX 2\, THbbH:

Theorem 1.
x (€)=0 26X, PG, c)nP (G, c)//e).

Theorem 2.

1) x @=1 %5iT. PG, c)xP (G, c)//e) # P2,

@) ¥ ()=2 %6iE, PG, c)oP ((G,c)//e) # T2

(3 P(G,c)# M,d)oP G, c) #PH,d) 2P (G, c) + M, d)).

FoR U #EMEICK L TEBED connected sum %% L. P2 i3 projective plane %.
T2 i& genus 1 torus &7,

COEEPG, LELICHBEOSMES 3-graph 12X > TTE 3,
COEWETIE, Theorem 1. ¥HWT, MADEMEFNS2XRTE 75 7OERICo
WT, ) LEMICRN TRV, Zhid, Vince[Vince] iIZ & 2 RDEHIDNAEZLH
RHEZETH5H,

Definition [Hp-equivalence]
3-graph (H,d) #% G, ¢) 2 5AHRE (20)D Hy-reduction and/or Hy-expansion T
LN BHHF Hy-equivalent TH2EEW, #H,d)G c)&ET,

Theorem 3. [Vince]
PG, c)oo PH,d) & 22 LET5EME. B,dS6 c) THb, .

ZRROERERT L5,

Theorem 4.

R7%% 3-graph G, c) & ®,d)IC2WVT by G, c)=by®,d)=3 , PG, c)e> PH,d) %5 IE,
3-graph DHBFY (6o, cg), 61, ¢1), €2, ¢2),.., Gp, cp))DPFEL T, 6, )= Gg. co)s
Gp. cp) =W, d), bGi,ci)=4 THY. 6 ci) & Gj-1.¢i-1) 5 Hy-reduction ¥
72id Hp-expansion 2k o THHND (i=1,2,...,n),
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L2, Vince DRI [Vince] ¥ FNRUC2 > TRLTHELE LOERIZTHSATVS
OB BRE, LIV RRE] LVIDREZHEFFRERBLTVWEVWES &
Sk, BEBBICEES /I 7OTHABUC L B induction DEIX PR TRV LICL 3,

CORETRBNAONL2VA, ZZOHES 3-graph % 4-graph ICFEEXRI A
T, WM T% < (closed) 3-manifold 2RBATHALFMT T 748 5N B A%, Bk
RTEHVGEXHEIBL 2PTPD 2, COREZFORCEHARICTEIZ L %
RHWE LT 3-graph L HEADKHBEZEZLTVWALDTH2,

Proposition 1. Hp-equivalence DXEBKT 3-graph @ sum(addition)td uniqueTH 5,

Proof. BI3®D G, c)+MH,d)/ (e, f) WL T, e'=¢x,v> T Hy-reduction T2 &,
G.c)# Bd)/ & v) oI, {'=y,u> T Hy-reduction T35 & G, c)# @, d)/l,v)
PROND, LoT. Go)# B d)/ &G )+WH, A/ )G c)# Hd) /G, u)o

CNHGB EHEIR Vince DRIXEFDEF TRV, UTICEREMFIIME 2,

Proposition 2. by (G,c)=3 T%% 3-graph (G,¢) (XX LT order (6)>6 (non-bipartite
Tk >4) BHIE, H0)# K e)G,c) T, byW,d)=by(K,e)=3 &7%5 3-graphs (H, d)
& K e) DAY Ho 772U orderH + orderk=orderG—2, orderH, orderK > 3.

Proof. G A% bipartite &%) TRWE EIZFIIT, XOK4 L H5TRY,

OF ), FAMEERRAT S 3-graph IFFAMEE cover 35 2-disks (ball covering)
238D B (by 6, c)=3) Hy-expansion & Hy-reduction ¥MEHEIZE VEL T, 2-disk

RABITLIHR S TRILHAMEERRAT 53-graph [, d) (b H, d)=3) IZBIET X
5LV)HTHS, LAPL Proposition 2. % —RXBIIC topological IZFEBIT 2 = & izH

BeXHTha, LILTES), AN - HENISRES Z a5, EHEITRT S At
LW EIL, .
CHICHET S 3RTOKRIZB O LT\, Proposition 1.4t 4-graph Td 0K
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[bipartitc casc]




(70

[non-bipartite case]
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