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Self Sharp-Equivalence of Certain Links

KERIK ‘#BEXR

AT [12) OBMBEEZ BN THHOTT,

link-homotopy X Milnor 2k ¥ [3) CEEE hiz, Thidlink DRI LRSS
RXRADETERFHIANEZTEI S ARBOEREZ\ ), f-move,pass-
move & X, TN EhH Fig.1(a),(b) OEFXE S (4],[2),[8]e bL4%E®D
arcs M link DB UBSICBT DL &, ZOEHEZ ENEN self j-move,self
passsmove & \\J. (BEBFOLRIOMIX T, ThboZzEhEN  self §(I)-
move, self §(II)-move &FFA TV Z,) 22D links 2% self j-equivalent (or
self pass-equivalent) & IXHFREID self f-moves (or self pass-moves) TH
DEILEEVI,

Fig. 1

n-component link £ = ky U ..Uk, % proper & ¥ linking number
Link(ki, £ — k;) 3% i TBEDO L &%V ), (knot X proper &35, )
proper link £ {23 L Arf invariant o(€) BEETE, o(f) — Yo, o(ki)
(mod 2) % reduced Arf invariant & FEUY, ¢(¢) TERT.

TROMKRIL (1) CHEASNALOT, KB, ZOREREEY (reduced)
Arf invariant # 3B T3 Z LI12L Y, homotopic links in solid tori, Z,-
boundary links @  self §-move, self pass-move IZ X 2 RFEREA- LD
Th 5,

Proposition. 22 n-component links £ = k) U...Uk, ¢/ = kjU.. .Uk,
A homotopic & T35, ED&L &, DEMNHILT B,

(1) & £  self f-equivalent €ummmm=mPp ¢ DIEED proper sublink
kiyU..Uk;, & ENIEXIETS ¢ D proper sublink k| U...U ki, @
reduced Arf invariant 2—%73 3,

(2)¢ & € self pass-equivalent sommmedy ¢ DIEED proper sublink
ki U..Uk;, & BRUTHIES B & D proper sublink k} U...Uk} @ Arfinvariant
R—%T 23,

V % solid torus & L M % V @ meridian disk £ 35, V ® knot k 23t
L k & M O algebraic intersection number % w(k) TR
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ki K} ZENEsolid tori Vi, V] Dknots & L. ¢, ZENEND core
ETB,i=1,.,n ELV=VU .UV, V=V/U.. UV 2EVKEXD
LRWES LTS, ' -

Theorem 1. VI = U..Ucp £ = kyU...Uk, & V' I =clU..UC,L 8 =
kKU.. .Uk, TEDbD LT3,

T, I'#% homotopic T w(k;) = w(k!)(= pi),p1 = ... = pa (mod 2) &F 5,
ZDkE

(1) T,T" A% self f-equivalent 72 b1, £, X self J-equivalent TH 5, &b
2% i To(k:) = (ki) R BIE, £,¢ 3 self pass-equivalent TH 5,

(2) prSEFELT L, £ 13 self J-equivalent 72 51T, I3 self f-equivalent T
B, EOIH T (c;) = p(ct) 72H+E, T, T self pass-equivalent TH 5,

Theorem 1 ZERY H7HIT Arf invariant IZBT 2 LUTFORE (7)) %
5,

Vi Va2 RROEWIRD L2V n solid tori T core c},...,ch 1% L
I* =ctU...Uch #trivial link I2223 b0 & ¥ 3, ElfRV =V ULV
55 V ~O orientation preserving homeomorphism T f;(= f ® Vi ~DHl
BR) A% Vb Vi faithful [6) &35, Vo0 link L, L* = L U.. UL 2
MU Li=f(L}),L=LV..UL, TR,

Lemma 1.([7]). L*,L,T = f(I*) REDbDE T3, &4,j Cw(l) =
w(L;)(= p) (mod 4) & L ¢ ZI'® total linking number £ +5, b L L*,T
A3 proper 72 b#E L b proper T,

(1) ¢(L) = o(L*) + ¢(T) (mod 2) (p H&FHKD & %)

(2)e(L)-=@(L*) (p,g BBEE X ¢ BTFH Cp=4dm DL %)

' = p(L*)+1 (mod 2) (¢ BHFHTp=dm +2 DL &),

link £ 128 $£1 3 knot k IZ3% L k O orientation ¥tz LicbDxEL L

Lemma 2.([7). £,L 2 EDBDEF B, €38 proper 2564E L b proper T,
(ng):= ¢(£) (Link(k,£ - k) =0 (mod 4) D & %)
= ¢()+1 (mod 2) (Link(k,¢ - k) =2 (mod 4) ® & &),

Sketch of Proof of Theorem 1. T',I'A homotopic T w(k;) = w(kl) 7£H
5 ¢,¢ b homotopic T 5,

Case 1. & p;HFHD L &,

b L £ 2% proper 72 & #X (£ A% proper T2V & & 13, £ @ sublink T proper:
THhDlink & D), &pHaFELY T,0% proper 12425,



B¥IZ p;=py (modd),i=1,..,n DBE%EXB, ZDOL ¥, Lemma

&b
P6) = p(E) + p(T) = T, p(k) + (T) (mod 2)

p(ki) = p(k}) + ¢(ci) (mod 2),

Tl =kjU.. .Uk (CV*) THD, Proposition (1) & 9 I, I'55 self
f-equivalent 22 51, (T) = p(I') K26, §(£) = p(I) TH D, LRI
LT g(f) = p(I') 215%. £ D proper sublink iZ2WTH R UHEaaH Hsk
T,Proposition (1) £ 9 ¢, 2 I3 self f-equivalent Tdh 3,

EHIZE 1 T (ki) = p(k!) 225, Proposition (2) £ Y £, ¢ I3 self pass-
equivalent T3 %,

DEREHDiTp kp (mod 4) DHEEEEXD, TOLIRTRTD
i IZ2WT V' IT 2-component link, 2¢; TRT. Tk & split TH L IR
| k,‘(C V;) DRIz k; U 2¢; ¥Ex3BL, w(k,- U 2C,’) =m (mod 4) iz
B, £IT L(= LU (U26)), L'(= €U (U2)) AL Lemma 1 238 L,
BHRIZ o(L) = ¢(L') 285, Eh o, cidFmMEHEICLILbDEE,C L L
L=2U(U(cU%)),L =& U (U Ut ) TET L, Lemma 2 &Y (L L)=
(L") BREN, [ & 0% CENEN related,[5), 26, o(L) = ¢(0),
e(L') = p(f') £72Y, ThEY ¢(8) = ¢(¢) 2185, #IT Proposition (1)
£V £, 1T self f-equivalent 127229, EHITHE i T, o(k) = (ki) 26
Proposition (2) & 9. £, ¢ i self pass-equivalent 12725,

Case 2. & p; ¥ BEOL &,

D& E L X proper I272 5,

EY. pi=p (mod 4),i =1,...,n DFAIL, Lemma 2 D p, g DETLFH
DPEHTEEXD, WThOBY §(0) = ¢(¢) BEEICRENS, 4,0 O
proper sublink IZ 2V T L 2L AR TH B, $IT Proposition (1) £ 0 £, ix
self §-equivalent 1272 3,

DE pi F p1 (mod 4) DFBIL Case 1 LRAKKIZ K DRVIZ ki U2c; %5
2T, Case 1l L EHRDER T, ¢(¢) = p(¢') 8%, proper sublink IZ-DVY
THRBROBERM®E O, Proposition (1) £V, £,¢ X self f-equivalent IZ
2%, EHIE I IZOWT (k) = p(k!) %2 5T Proposition 2 £ Y £,2 X
self pa.ss-equwalent 7225,

Remark. (1) Theorem 1(1) T p; ¥ p; (mod 2) 725 T self f-equivalent
TRV S B, & i, T(= ') % Hopf link & L. £,¢ % Fig. 2 ®%
nNETBE, p(0) X p(f) £729, ¢, 1% self f-equivalent T2V,

Fig. 2

(2) Theorem 1(2) X p; BB 61, B L7Z2VY, 72 & X Whitehead
link T (2,1)-cable link £ iX self [-equivalent to trivial Tdh 5M, p(T)=1
& Y T self f-equivalent to trivial T2y, ‘
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link @ F-isotopy X [13) CERSN TV 5, TECH [10) THRATAIIZFER &
NTVW5BH, Theorem 1 LV AHIZBGh 3,

Corollary. £=kjU..Ukn, ¢ = kjU...Ukl, ? F-isotopic 2L, £h
B, self j-equivalent ThHd, S HIZE i T (k) = p(kl) 261E, b
i self pass- equivalent T 2,

Proof. £,£' %% simply F-isotopic,[13], Z26tE, ' =T T w(ki) = w(k!)
=41 THY, L7 >T Theorem 1(1) &Y, ¢, € iJ self f-equivalent T
5, Zh&D Corollary #7185,

Z,-(homology) boundary link X [1] TEHZ ., €D Arf invariant 1% [9)
TOEDL IR D,

Lemma 3. £ = ky U...Uk, % Z5-(homology) boundary link &35 &
£ total linking number (X 4p (72X L p i3EH) T $(f) =p (mod 2) T
Hd,

Proof of Theorem 2. £ % Zy-boundary link T homotopic to trivial &35,
D L & ¢ DIEFED sublink £, i3 proper T Z,-boundary link T homotopic to
trivial T D, #IT £, D total linking number X0 T Lemma 3 £ 9 3(£,)=0
T D, BT Proposition (1) & Y £ id self j-equivalent to trivial &725, &
iz i Tp(k;)=0 725X, Proposition (2) & ¥ £ i1 self pass-equivalent to
trivial & 7223,
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