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SELF-A UNKNOTTING OPERATION
AND CONWAY POLYNOMIALS, I

hEE REl (FXFERFE)

1. INTRODUCTION

ZOHEIR. HRBRENEAMR [NS] RUHEIRE I S0 (PE 1, 2] (5l &6
{HNDTH3, Murakami-Nakanishi [MN] {Z & V) R & h /= A-unknotting operation
3. Fig. 1.1 IL52&54 1 BAADAREDIELHIE 2 DOBUBPRAEDEURR K, L
DEDORAENTHS, 510, K, L TRRENBZ LI GBUBTRAB%E k, A TRY
EE. Kk EXNIBEWI A-move @ 1 ADRETI DI EWV D,

" [
& — A
Fig. 1.1

Theorem 1 ([MN]). 2 DOBVEPEABY A-moves DHREADRIET 520U H S 1=
HOLBEFAFRHER. 2 DOBUVEPHRABFRALERLSBERES. »D. BULTRIDERF
PRZEDFLEEC, ST IRSEOBRABY —BTIETHS,

1S, A-move £HT arcs FIXNTRUKAET 3 £ &, self-A-move &1 5, ([Sh]
R, ) LT T, self-A-moves DEREDEETI DN H I -HDUEBRKEEEZD, R
X [NS] T, B3EH Alexander 3RRICHT 3 LERMHE5 1%, $EE. Conway £
BRICRT 2 UBRAFESASIECEILE, HAR. BREXOBUEICEAT 3&R [0K]
CBUBEMRAL E 5K NNTLATHY . BREEKE LT, Theorem 2 ¥§5h0 3,

Theorem 2. 2 20O u B{BRAB &, A # self-A-move ® 1 BIDRETS>D2UHS> &
&, Conway BERD 2! OFEM a; (CELTRIFRYILD,

au-1(k) = au-1(A),  laps1(k) — ausa(A)] = lap-1(£)l.
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5L, 2200 u BH#EAB Kk, A ¥ self-A-moves D n BIDRIETIONH S & &,

RB BN ILD,
au-1(Kk) = an—l(/\)r
au+1(k) = aps1(A) =n-ay_y1(k) mod 2-|a,-_1(x)l,
|ap+1() — apr1(A)] S n - Jap-1(x)].

Theorem 2 DA R TEA 5D, TOIAELBRTHZLICEY . ROBRY
B5h3,
Theorem 3 (Gokiso Observation). 2 20 u BAEHE £ = K U--- Uk, A =
AU UM, P self-A-moves DBEREIDRIETI DN H 5 L &, RHFBRY LD,

u : u
(k) = au-1(x) x (Y a2(ki)) = @ura(A) — au-1(X) x (Y aa(he)).
i=1 i=1

CNEDERD S INABH 7 UTORE 2 RAHABNDST7 O ordered and oriented
types {C2W T, self-A-moves TIDNHIDESI . LU, 500U H S & L sAEY
BHIERET 3,

ACKNOWLEDGEMENTS. ELMEAREHNEFRICHE KL 2\, Habiro’s move &®
BB 5 Vassiliev AR TRMARFRHFMERIEE D ZBYE &\ /2 #£ /2, Theorem 3 it
ZThICHYTIHNTH B, RERRREBNIALE21—42705 54 “Knot” (CBBEER
Lizv, 20775 4IC&Y, Conway ZIRAE EQFRERDEHEIBRBICE -, K
IWRZEICHBERL 2V, BEDMERICLY . Theorem 3 4% h i,

2. PrROOFS OF THEOREMS 2 AND 3

Conway ZIHHH" axiomatic (CEHHTEI &L EBVS, KEIC. RO Fig. 2.1 &
I HIRDEFEDOHANRESSLICERNRE K\ K_ Ko 2b2&5% 3 DD#E#B
Ky K—yKo ICDWT RO (2.1) ¥RYILD, ([Ka] 28, )

KX
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SELF-A UNKNOTTING OPERATION AND CONWAY POLYNOMIALS, I

(2.1) Vi, = Vi =2V,

Proof of Theorem 2. (2,1) ic&t). Conway BERDEEEHEL THEL . 22D p B
H#HB kA 21 @D self-A-move THIDo72¢F 3, ThEFJRTIERER K, L
IKDWT. %D axiom (C& W, ROLHICEHET 3, BHL0OH/EE (2,1) ICLWERT
B3I EC&l) . BIOUNrES5 N3, BILANBE-REB-RARBKRING, BFLOER
CEMEE (2,1) ICLWEBBATAZ LIS, BIOHNESND, BIUNE-HER=R
/I N3, BMIOFEIFEFEMEE T LHI LICLY . FEMIAYESNSZ, ZOX
£(2.2) £¥ 5,

V(\()"/) - w{g)\)

V(\Z\{ )

- VM) - VAN

+

zV(\(‘:\} )

(2.2) _ -
= Z(V(\Qz) + ZV( \(_7{))

—(V(A) + v (AN

= 2V ) - v\

ZZT. self-A-move THBZ &ICEBET S E. EATREN TS strings DB T
DOBEDNHRIROVWTFhALTH B,

{’\();:'- :\@‘

Fig. 2.2
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2T ANERTREINTVIRAIBR p BALp+2 BBDHBDTH S, u KO
#H® Conway ZHAD 0 THVRERNEIX p— 1 REULTH 3, p+2 KHEAHE
0 Conway BRKD 0 THWRIERDEAR p+1 RULTH 3, ([Ka] 88, ) 2
EPS.ay1(k) —ap1(A) =0 Fbh3, Fh u BARAED u - 1 ROFEHKE.
BRADEDBABICOAKIEL TEESZZEFASATVS, BAE. KPLemmad 28
o D&Y, BEZSNI 2 DOKHB EBEXD p RABAED ay- 3—8T
B ZOZEREN. |au1(k) — auri(V)] = | £ a1 (k)| #DPB. LEOBEC L
¥). Theorem 2 ¥B5h 3,

Lemma 4. y BA3#E#B £ = k1 Uk, OConway BERD p— 1 ROFEY a,-,
=38 ﬁi‘ﬁ'}ﬁﬂ@%&ﬁ lk(n,-,nj) (2,] = 1,. ‘e ,[l.) ‘:@Jiﬁ#Téo

Proof of Lemma 4. K<HI5hTW3& 5. BUBICOWTI, ap=1 PRYILD,

2RABABBICOVTI. a) = lk(k1,Kk2) PRRWILD, (See [Ka].) 3 AMABIZDL
Tk, a2 = lk(ky, k2) - Ik(Kk2, £3) + (K2, K3) - (K3, k1) + Ik(ks, K1) - k{1, K52) DRV
ADZEERTOHES5BEL<IEEV, Theorem 1 » 5. 5T 3 RN A D —
Y3 2 o08#BE. A-moves DHRADERETIONSH S, 2T, A-move
ay_1 EEXZBVIEERED,

RABUICRET 3BETTRT, E—IC. A-move EHBTTANTD arcs FRLRADHD
ThdLEEELD, ZNFEWE. Theorem 2 DRIEBTERICHRLTWVS, HBIIC. A-
move #HY arcs DA 2 DHIRLRBDBNDTHBEEE2EZB, CDLEHLE—DES
CRRDBRTIRE 3. G¥E5. (2.2) DEMKD 2 DOBRAER u RATHIH5TH
3, BE=IC. A-move EHET arcs FTRTREIRADOBNTHB3 &% ELB, 2D
E&E. (2.2) NEORICRIIBABICEVT. B0 3 EH/RVEDICEY . OB
p—2 k3, FRITNEZELER, 2O 2 2OBAAOHIST DR AEDBA Y —BT
3, RAEOREICEY. 20 2 DOMHED Conway ZERD a,_3 R—BT3, &
. /=KD 2 20 HBD Conway BIEXD a,_; B—HT 5, LET. Lemma 4 #
ENL R (9o

Proof of Theorem 3. ZZT. LDEERXE 2D % self-A-move #RET3RAICDOW
TEBRHTE. CORAD a; NDER 1 THB3, ThdD 2 DDEDHFEIIOVWT., TER
{BRTIEL. a; DEIC a1 EPITEBONF, a4 NDEICEBZIEIVBEENS, LIE
DERICELY) . Theorem 3 #E5h 3,



(35)

SELF-A UNKNOTTING OPERATION AND CONWAY POLYNOMIALS, I

3. CLASSIFICATION

TXAEY 7T UTORLE 2 ZHEAB D57 O ordered and oriented types 12D
T. self-A-moves TI2NHINEIH. LY, 532N H I & LESAIBLZED,. (CDW
TLITCH#RT 5, Appendix (£ 57 B® link types D—EREMI TH VWO TERE

vy,

Theorem 2 (& ¥, $AE i3 = a1(k1 Ukg) = lk(k1,k2) KEWETARELLHH
Ehd, XXABY 7TLUTOEL 2 K9RABORAHIE 3 5 -3 OB TH3, R
(2. Theorem 3 (C& ¥ . i3 = azg(k; Uks) — a1(k) Ukg) X (az(ky) + az(k2)) IC&W S5

B¥ 3,

(1) BHEH 3 TERES 7 UFOEL 2 BAKBHAE.

(21,72) = (3,0)
(ilin) = (3’ _4)
(21,42) = (3,2)

63pp.
r63pn.
63pp-

(2) BABY 2 TEXAMS T LIFORE 2 RHKHE.

(i1,12) = (2,1)
(i1,42) = (2,-1)
(i1,12) = (2,0)
(i1,72) = (2,2)

rdlpn  ~a T7ipn ~a
630  ~a TTIPP  ~a
44pp  ~a TP  ~a
ré3pn  ~a Tipn ~a

72,72 O trefoil B4 T self-A-move EBT I LIC&. 30U H I T LBRBICRE

3, (Figs. 3.1, 3.2 88, )
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%7, rT2pn ~a dr7ipn, r73pp ~a driipp, Tipp ~a dT3pp, T2pn ~a d72pn 115
2HH5DIC 2 B self-A-moves ¥ VB ET 3, SHRS4VBAALGEUR & trefoil knot
THd, RO Claim b okt FHETIESD20HDEV, &S, B/INHE 2 TH3,

BEHHET. KAV 2 T, 4 BOBHIEET S, T/ SHOFT. 520H50
BT 3 self-A-moves DEAIFLHRES LI,

Claim 5. 2 20 2 B8#& B k = k1 Uk & A= AU * A link homotopic T
3&T 3,

(1) TRTOERR K1, K2, A1, A2 B trivial knots Taz =0 &T 5, ZDEE. Theorem
25 1 @0 self A move THRED az #* £1 LUEDLZNT. FHED self A moves
T2 HbEV,

(2) BS k1 & M\ P trivial knots T aa =0 THY . BA kg & Ay ¥ trefoil knots
Tax==1 &£T3, FBED self A moves TIEIDHUHbEV,

(3) B K1, k2, & A #F trivial knots T a; =0 THY . BB Ap  trefoil knots
Tay==1 ¢T3, BERED self A moves TIEIDNHbHEW,

(3) WABY 1 TEXABY 7 UTOFRE 2 HoEAE.

(il’z'2) = (1,0) 2%})2)
(1,42) = (1,2) 7%73" ~A 721’"
(21,42) = (1,-2) rT%pp  ~a TTipp

ERTIONHHIT LR, ERCP>THB2ETHB, (Fig. 3.3 8%, )

(4) MABH 0 TERARY 7 UTOFEL 2 RHBHE.
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(i1,42) = (0,0) 2.

(41,42) = (0,1) 52pp ~a TTipp ~a drTipp
~a Tipp ~a d7ipp.

(i1,42) = (0,-1) r53pp  ~a Tipp  ~a d7ipp
~a TTipp ~a dr7ipp.

(i1,42) = (0,2) Tpp ~a ri3pp ~a driipp.

(i1,42) = (0,-2) r73pp_ ~a Tipp  ~a d7ipp.

. (G1,i2) = (0,1) DBEEEZS, Tipp D trefoil B4 T self-A-move £HT
ZElc&Y, T3pp~a Bipp HIDOHNH I ERBBICRE S, (Fig. 3.4 8. )

N7

Fig. 34

72pp ~a dT3pp KOV TR, AP ABRLEUB L trefoil knot T#H 3 7. Claim
5 PSFBETRIDUSHOEVDT, 2 AVETHD, BN, 53pp #ALT. 2 @
TIDHUH I, rT2op~aSIpp FIDONEIT LR, XoTHBIETHS, ERE. 2H
self-A-moves EHT L5 DN H 5, ERSVFEALEUTETHS:-0(C. Claim 5 »5F
BETRSDUSDEVOT, 2 BLETH5, (Fig. 3.5 2/, )
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TT3pp ~a driépp CDWTR . BAPEHICAREKUBRTHZ-HIC. FRETIRS
2HUHHEVNDT, Claim 5 #SEBRALETH 5, KBS, 52pp #RALT. 4 ETS
2HHS, 2EATIDNHDEVDIRD Claim 6 (CLWEIAIh 3,

Claim 6. 2 20 2 A #H#B k = k1 Uk, A = A\ U Xg 9 self-A-moves ® 2 B0
ETIDNHIETB, EF. KKk d, e RIXRTEBEKEUVBTHZETS, DL
&, 92U H57-HD 2 B0 self-A-moves BRA—BRAIHLTHBLTWVWADT, K I
B 7= infinite cyclic covering space (B33 kg D lifts O linking numbers & A; I
A 7= infinite cyclic covering space ([ZHB113 Ay D lifts © linking numbers " —8 ¥
3h. £, ko ICB - 12 infinite cyclic covering space \IZH 13 k1 D lifts D linking
numbers & g {1z infinite cyclic covering space (CH 3 N\ D lifts © linking
numbers ¥—8¥ 3,

ERCHBLTHB L, —BULAV, rT2pp & drTipp & order DHREBZDT, B
iR - 7= infinite cyclic covering space (85173 k; O lifts R 3 &, Fig. 3.6 IR
TEBNTHB, —ANBEYD lifts ENDHBABERHFODIHL T, 512 2 OBED lifts
EHRABEHE->TWS, - T. self-A-moves N 2 BDRBETHIDNH S LIz,

LN I DL

OOy v OO

Fig. 3.6

REMARK. 2 20 2 BA#HAE Kk = k1 Uk, A = M U X IZ2WT. K1, REBAL
BUBTHBETD, &5IC. k1 (CA- /- infinite cyclic covering space (ICH1F D ke
® lifts @ linking numbers & A; (C#A - % infinite cyclic covering space IZ8H133 Aq
@ lifts @ linking numbers #—HL T3 & T3, D& &, covering space (-H51F3
A-moves THWII DN HIH, ZOEHMRTOLBETH k1, Ay IC3T B self-A-moves
ELTRBAHETH B, LOFIIEZ S U7 infinite cyclic covering space (Z311 5 lifts
NDBABHI—HL TWEL ED self-A-moves TIDNHIZEHNHBZEERLTWVWIR
T. ETHRHKERV,
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R\, rT2pp,driipp & Tipp,d7pp 1& 3 @ self-A-moves T L IDNHH, BB
SHABRAEEUVBRTH3/HIC. Claim 5 »S5BBEITR I DN HbEV, 1ETIEIDOH
HhBvDiE, RO Claim 7 (L YWEIRAEh 3,

Claim 7. 2 20 2 BA#EAB k = kK1 UKz, A = A\ UA2 D self-A-move O 1 BIDR(E
TIDHNEIET D, Fiho K1, A\, A RIXTEBAGREUBTHY . ke & trefoil knot
ET3, ZDE&. 5320 HH 10D self-A-move I3 ko ICHLTHLTWEIDT., K
(B> 7% —1/2 Dehn surgery DERDK; &. A\ CBo 7 —1/2 Dehn surgery DEER
Dhy 713 g A1 —1/2 Dehn surgery DEEDN, ODWThpis self-A-move O
1 BDRETSI2UH S,

KRB LTHB, Tipp DEBLEHEVERS T —1/2 Dehn surgery UE&SR
3. Fig. 3.7 DRNTH 3, BRELTE/SNBKEURI 52 T, a2(52) =2 TH 3,

Fig. 3.7

A

r7ipp OEALHEUEKRS T —1/2 Dehn surgery L 7=&R. Fig. 3.80&4 T, 8
Shi-EUB®D ay 2. WTFhd —2 THVY . Theorem 2 ICFBET B,

—1/2

()
_1/2\/

Fig. 3.8

=

=Y

(i1,42) = (0, 1) DIBER. (i1,i2) = (0,1) DBLDHERTHY . RABISTRYE 3,

(39)
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(41,32) = (0,2) DBEX. r7%pp D trefoil WA T self-A-move £HTZ &ic&
V. rTipp & Tipp 30N H ST EBBBICRE S, (Fig. 3.9 8M. ) r73pp ~a driipp
IK2oWTiR, BaBEALKUB L trefoil knot TH37/-%(C, Claim 5 » 5HFHE T
I2UBDLEVOT, 2ALETHS, RS, Tipp #RBLT. 2ETIDOHH S,

i

(31,12) = (0, —2) DIBEE. (i1,2) = (0,2) DBEDIHIRTH Y . BHICTRE 3,

(5) BABY —n (n 2 1) THXXREY 7T UTOEL 2 RH#EAE.

Zhoik, BAEABY n (n 2> 1)TRXABY 7T LUTORE 2 RAKRFBOHETHY) .
ABREINSOFMBCLVHBRTES,

LIE ORI L) . XNAREY 7T UTOHEL 2 RA#&#B D57 O ordered and oriented
types 22V T, selffA-moves T2 2N H2HNDE 1 DORICEED, 5DONHHELE
SMELE, EROBJMICERM L ADDOFLUTORN TH S,

Fig. 3.9

6Zpp r62pn 6Zpp
rdipn | r7ipn | dr7ipn 62pp | r7pp | driipp
r42pn 0 1 1 62pp 0 1 1
r7ipn 0 2 r72pp 0 2
AZpp | Tipp | d7ipp r63pn | 7ipn | d7%pn
43pp 0 1 1 r63pn 0 1 1
T2pp 0 2 2pn 0 2
2}pp Tipn | Tipn r7ipp | r73pp
7§pn 0 2 r7%pp 0 2
0? 52pp | r7%pp | dr7ipp| Tipp d73pp
52pp 0 2 2 1 1
rT2pp 0 4 3 3
drpp 0 3 3
T3pp 0 2
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r5ipp | Tpp | d7%pp | rTipp | dridpp
r53pp 0 2 2 1 1
Tipp 0 4 3 3
d72pp 0 3 3
rTipp 0 2
T3pp | rTipp | driipp r73pp | Tipp | d7ipp
T3pp 0 1 1 r73pp 0 1 1
r730p 0 2 2pp 0 2
2ipn r7ipn | r7jpn Tiop | T3pp
T7%pn 0 2 pp 0 2
4ipn | 7ipn | d7ipm r63pp | Top | d73pp
43pn 0 1 1 r62pp 0 1 1
72pn 0 2 72pp 0 2
rd2pp | r7%pp | dr7ipp 62pn | r72pn | dr7ipn
rd3pp 0 1 1 62pn 0 1 1
r7ipp 0 2 r73pn 0 2
r63pp 6ipn r63pp

APPENDIX: TABLE OF ORDERED AND ORIENTED PRIME 2-COMPONENT LINKS

LITC, BXAREH 7T UTORL 2 RAWAB D57 O ordered and oriented types (<
DWT, REFEDHL,

AR  #A#BORRE Conway’s notation ([C]) Ik 3, ERIFROTFICHS 2yN2zw
{25V T, NZ 11 Alexander-Briggs IC& 2MABNESTHY . N BRXOKE. n 1A
CXIXBOBUBOADEHFE. &L T3, Conway’s notation ICff-> TERIRF &R
WhEE, LkDarc 2ECHPEB_RAETIHOICE z ODEBIC d 244, 25T
BVbHNDIR, EDarc 2BEHAINE—BPETIHNTHS, %7/. Conway’s notation
(285 ERISRROMBEEURRET 35D, y OREIC r £01 7. 2 OEBICIE.
ERIRRTCE—RADELD arc MBHEANICOVTVIHDICR p £, KBESEYDICD
WTW3HDICR n £2 /e, w OREICIE, FRIRRTCE_RSDELD arc HR5EE
HIZDOWTWBHDICIE p . REFEEYWDICDOVWTWBEHDICIE n D7/, EBIETR
DTIEHS zyNZzw DESICTICH B 3BERE. FRIFRE h=8AHBND Conway SIER
TH3,

(41)
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[AB]
[C]

(Ka]
[MN]
[<hEG 1)
[&heh 2]

[NS]

[OK]

(Sh)

hEE KA
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