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1.INTRODUCTION

LetKbeaknotinS3andG(K)thegroupofK.Givenalin-
earrepresentationp:G(K)－→GL('z,D),wecandefinethetwisted

～

AlexanderpolynomialAp,K(t)ofKassociatedtop,whereDisaunique
～

factorizationdomain.Ifpisatrivialrepresentation,then△β,K(t)=
[AK(t)/(t-1)1",whereAK(t)istheAlexanderpolynomialofK,and

～

hence,Ap,K(t)isageneralizationoftheAlexanderpolynomial.Two
～

polynomialsAK(t)andAp,K(t)havemanypropertiesincommon.Fbr
example,ifKisafibredknot,bothpolynomialsaremonic(SeeIGKMI).
However,ifthecoefficientdomainDisthecomplexnumberfieldC,
～

A,,K(t)isapolynomial(orarationalfimction)withcomplexcoeffi-
cients.Veryrecently,however,ifDisa(finite)extensionfieldover

Q,D.SilverandS.WilliamsintroducedthepolynomialOp,K(t)overO
calledthetotaltwistedAlexanderpolynomial(associatedtop).Fbrthe
definition,see(2.1).AlthoughthedegreeofDp,K(t)ismuchlargerthan

～ ～

thatofAp,K(t),Dp,K(t)mayhavemanyadvantagesoverAp,K(t).
Inthisreport,wediscussthesepolynomialsassociatedtotworepre-

sentations,abelianrepresentationsG(K)－→Candparabolicrepresen-
tationsG(K)－→SL(2,C).However,sincethedetailsofthemainthe-
oremonparabolicrepresentationwillappearelsewhere,wejustsketch
theoutlineoftheproofofthemaintheorem.
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2 OnthetwistedAlexanderpolynomialsofknots

2.PRELIMINARIEs
～

LetAp,K(t)bethetwistedAlexanderpolynomialofKassociatedto

alinearrepresentationp:G(K)－→“(",C).(Fbrdefinition,seeILI,
[KLlorIWI).SupposecoefficientsofA,,K(t)areinQ(m"),whereuﾉis

～

analgebraicnumberoverO.Tbemphasizethis,△β,K(t)issometimes
～

writtenas△β,K(tlt").Nowletf",,Uﾉ2)…,⑩rbeallalgebraicconjugates
ofuﾉ,sayuﾉ,=T".Orequivalently,uﾉ1,uﾉ27…7f"rarerootsofthe

～

minimalpolynomialofi"(ofdegreer).Thenn;=,Ap,K(tli"j)isa
polynomial(orarationalfUnction)overO,andD.SilverandS.Williams
callitthetotaltwistedAlexanderpolynomialofKassociatedtopand
WedenoteitbyDp,K(t).Namely,wedefine

～

(2.1)Dp,K(t)=Ⅱﾘ=,Ap,K(tlulj).
～

Example2､1･IfAp,K(t)=1+､/=5t+t2,
thenDp,K(t)=(1+､/=5t+t2)(1-,/=5t+t2)=1_7t2+t4.

Throughoutthispaper,weusethefbllowingnotations:

AK(t):theAlexanderpolynomialofaknotKinS3,
M@(K):theq-fbldcycliccoverofS3branchedalongaknotK,
△M@(K)(t):theAlexanderpolynomialoftheknotKCM@(K),where
KistheliftOfKinM@(K),
AB:thetensorproductofamatrixA=I(mi,jl,≦j,j≦pandB=
lbi,jl'≦j,j≦9.ABisapq×pqmatrixl(Mi,jBI,≦j,j≦p.

Part(I):AbelianRepresentations

3.FINITEABELIANREPREsENTATIoNs

SincethecommutatorquotientgroupG(K)/IG(K),G(K)1isinfinite
cyclic,anabelianrepresentationofG(K)isofdegreel.Consideran
abelianrepresemationp:G(K)－→C,givenbyp(:r)=O,,where"
isameridianelementofG(K).Supposeo'isaprimitivep-throot

ofl.ThenAp,K(t)=箸響,andhenceDj｡､K(t)=Ⅱ周鶚讐』＝
{唯;鶚讐11云房ﾎｱNowwecanwriteⅡ；三;AK(o!'t)=F(tp)Put
tp=T.Thenitisknown(IFlor(KI)thatF(T)isAMp(K)(T),the

～

AlexanderpolynomialoftheknotKinMh(K).Therefbrewehave:
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Proposition3.1.Letp:G(K)-－→Cbeα”abe"α、形present(z-

伽冗9jUen6!/β(")=o',""刎伽ep-tﾉzrootq/1・剛enDp,K(t)=
F(tp)/AK(t)(1+t+…+tp-'),{"ﾉle7℃F(tp)=AMp(K)(tp).

4.INFINITEABELIANREPREsENTATIoNs

〔3〕

LetcMbearootofAK(tm)=0,m≧1,wheredegAK(t)=2n,.
Consideranabelianrepresentationp:G(K)－→Cgivenbyp(")=O!,
where"isameridianelementofG(K).Inthissection,weconsidera

slightextensionofthetotalAlexanderpolynomialdenotedby万腰(t).
LetQ1(=ol),ol2,…,o,dbealldistinctrootsofAK(tm).Thenwedefine

(4')万腰("=n:E&八,,K(tlQj),
andwedetermineD腰(t).Fbrsimplicity,weconsideronlythecase
whereAK(t)isirreducibleandmonic.

Letf"1,T"2,…,t"2"betherootsofAK(t),andwriteAK(t)=n:2,(f-
uﾉj).Leto,jbesuchthatojjm=ulj,j=1,2,…,2"・Iftisaprimitive
m-throotofl,then<2oijisalsoarootofAK(tm)=0．Nowsince

ap,K(tlQ)=筈學,weha凡,e:
AK(<fqjt)

(42)W(t)=n｣≦j≦2",0≦‘≦m-1<2Qjt-1.
Now,thenumeratorN(万鰹(t))of万腰(t)isequaltonj,2AK(<2cMjt)

＝Ⅱ1≦j,k≦27zⅡ閏'(‘2cMjt-f"'c)=n1≦j,k≦2"(αJmtm-ujW)
＝Ⅱ1≦j,k≦2"(Mﾉjtm-UW)=n1≦j,k≦2nuﾉj(tm-ujWuF')
=Ⅱ,≦j,h≦2"(f"-"Wi,F'),Sincen:4,ujj=L
Letr(t)=n,≦j,k≦2"(t-@"Mmul7')andletCbethecompanionmatrixof
AK(t).Thenuj,,uﾉ27…'uﾉ2"aretheeigenvaluesofCandf"?,I"W',…7uﾉ銘

aretheeigenvaluesofCm,andfiﾉ"MIF',1≦j,k≦27zaretheeigenvalues
ofthetensorproductCImC,sinceuﾉj-1,1≦j≦27tareeigenvalues
ofC.Therefbrer(t)isthecharacteristicpolynomialofCmC,and
wehave:

(4.3)(1)r(t)=detitI4"2-CmC1,and

(2)Ⅳ(ら腰(t))=r(tm).
Ontheotherhand,thedenominatorof万腰(t)is

Ⅱ,≦j≦2",0≦2≦m_,(く2Qjt-1)=AK(t~m)=AK(tm).TherefOre,wehave
thefbllowingproposition:
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Proposition4．1．

万腰(t)=r(tm)/AK(tm)=detltml4"2-cmcl/AK(tm).
Next,weprovesomepropertiesofr(tm).SinceAK(t)issymmetric,

wemaywrite⑩冗+q=f"9,1≦9≦”・Therefbre,wesee:

(4.4)r(t)

＝Ⅱ,≦j,〃≦"I(t-UWMﾉj)(t一切WW7')(t-""mulj)(t-i""mulr')
=m=,I(t-I"W+')(t一切W-')(t一切屑(m-'))(t-t"屑(m+'))1n,≦j≠k≦”
[(t一切Wi'lj)(t-f"WWF')(t一切丙771uﾉj)(t一噸miur')1.

=AMi"+,(K)(t).

Asisstatedintheprevioussection,wesee:

nW=,I(t-uj牙-')(t-切F(m-'))1=Ⅱ窪,(t－⑩W-1)=AMm_,(K)(t),the
AlexanderpolynomialofKinMm+,(K).

Similarly,Ⅱ腱,[(t一切W+')(t一切屑(m+'))1=Ⅱ窪,(t-t"W+')=AMin+,(K)
Therefbre,weobtain:

Proposition4.2.r(t)=AMm_,(K)(t)AMm+,(K)(t)h(t),i"here

α,5ﾉ〃(t)=n,≦j≠&≦"I(t一切Wujj)(t一切Wi"7')(t-u’丙mulj)(t-'"丙Tnuﾉｱ')1,
αM

"6ﾉ万腰(t)=AMm_,(K)(tm)AMm+,(K)(tm)"m)/AK(tm).

Whenm=1or2,wecanobtainmoreprecisefbrmulasonD"("
Infact,wehave:

Proposition4.3.〃ﾉDMA(t)'sqfthe/brm:
ろ鮭(t)=(t_1)2"/(f)9(t)2/△偽(ｵ),mem/(t2)=AK(ｵ)AK(-t)qnd
9(t)EQltl.

倒覗(ｫ)is(mpoly脇｡伽!,""(t)=△州K)(t2)"(t2).
／～

Pmqfqf(1ﾉ.Letm=1.SinceⅡ廷,(t-切『_1)=(t_1)2"and
AM2(K)(t2)=AK(t)AK(-t),itremainstoshowthat
ﾉM(t)=n,≦j≠k≦"{(t-t"脚j)(t-i"WIur')(t-uﾉ再mf"j)(t-'"Fmt,l7')1is
asquareofapolynomial9(t)EQitl.

Nowwenoticethat

h(t)=n,≦j<k≦"[(t-uﾉWulj)2(t_ujWfurl)2(t_u）屑mulj)2(t一切億muF')21,
andhenceitissufficienttoprove

9(t)=n,≦j<k≦"I(t-'"Wujj)(t-t"Wiu7')(t-uﾉ馬mulj)(t-'"屑mfu71)1is
apolynomialoverO.Howeveritisimmediate,since9(t)isremained

unchangedunderanypermutationujp<→uﾉｵ'『



〔5〕

M.Hirasawa&K.Murasugi 5

P7℃qfqf"Sincem=2,Mm_,(K)=83andhenceAMm_,(K)(t)=
AK(t),and(2)fbllows. □

Finallyweevaluate万腰(t)att"=1andt"=_1:SinceW(t)
isarationalfUnctionintm,wewrite万鰹(t)asW(T),whereT=t"
WeevaluateW(士1).

Proposition4.4.(1ﾉ〃miset)en,伽"〃報(1)=S2qnd(6ノ
"(-')=AK(-')r2,伽…“伽｡泥加印erS.
(2ﾉ伽(≧3)isodd,t伽何鞭(1)=AK(_1)2u2伽のﾉ鞠(-1)=
02/AK(-1),uﾉﾉle花ua7zdUa祀伽卿erS.

IMs,/bIm,"(')"(-')=AK(-')"2jbrsow4ew"
P『りqfConsiderthepolynomialr(t)=n,≦j,k≦2"(t-@"牙巧').First

weshowthatr(1)andr(-1)botharesquaresofsomeintegers.Con-
siderr(1).Asweseein(4.4)r(1)isrewrittenasfbllows:
(4.7)r(1)

=nW=,I(1-I"W+')(1-i"W-')(1-uﾉF(m-'))(1-u(ーm-'))('一uﾉF(m+'))1n,－(m+'))lⅡ,≦j≠k≦”
｛('一切Wuﾉj)(1-t"Wf"r')(1一切屑mi"j)(1-tUFmtq7')1.

Inthe6rstproduct,(1-I"W+')(1-uﾉW-')(1-uﾉir(m-'))(1-u－(m-'))('一uﾉF(m+'))－(m+')）

=('-"W+')('-i"W-')""(m-')("I"-')-')""(m+')("W+'-')
==u）丙2m(1－”W+')2(1-'"W-')2=[uﾉ屑m(1-uﾉW+')(1-@"W-')12
=I("+uﾉ馬m)-(ujk+uﾉ丙')12.

Similarly,inthesecondproduct,fbrj≠片，

（'一切WMjj)(1-@"Wfq7')(1-uj丙77ttlﾉj)(1-⑩丙mi"7')
=(1-u）Wuﾉj)"ﾉM'fur'(uﾉ屑､⑩j-1)(1-u’府mulj)uj"muF'(I"W叫一1)
=ul72(1_t"Wuj)2(1_uj屑mujj)2={(uﾉj+ulr')-(f"W+'"馬"')12.
Let"(j,k)=(ulj+ul7')-(uﾉ『+1"丙m)．Thentheabovecom-

putationshowsr(1)=H,≦j,k≦""(j,k)2．Obviously,n,≦j,k≦""(j,k)
isremainedunchangedunderanypermutationuﾉp-u’ず',andhence
n,≦j,k≦"7r(j,k)EQ.Therefbrer(1)isasquareofaninteger.

Asimilarargumentworksfbrr(-1).
Now,wereturntotheproofofProposition4.4.(1)Supposem=29.

ThenW(1)=r(1)/AK(1)=s2fbrsomeintegersAlsoW(-1)=
r(-1)/AK(-1)andr(-1)=AM"_,(K)(-1)AMm+,(K)(-1)M-1).Now
wesee
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△Mm_,(K)(-1)=Ⅱ廷,(1+mW-')=Ⅱ廷,(1+@"k)Ⅱ廷,(1一叫+uj:-
…+m":'-2)=AK(-')Ⅱ廷,('-'"k+@":-…+i":'-2)"
Similarly,AMm+,(K)(-1)=AK(-1)Ⅱ廷,(1-切陶+uj:-…+i":')
Sincer(-1)isasquareofaninteger,weSeer(_1)=[AK(_1)127.2

fbrsomeintegerw･.Thisproves(1).

(2)SuppoSem=29+1,9≧1．SinCemztlareeven,AMm_,(K)(1)
istheorderofHi(Mm_,(K);Z)thatisAK(-1)ufbrsomeinteger秘。

Similarly,AM,"+,(K)(1)=AK(-1)fjfbrsomeinteger".Further,r(-1)
isasquareofaninteger.Therefbre(2)(a),(b)fbllowsimmediately.D

5．ExAMPLEs

Leto,besuchthatAK(cmm)=0.Letp:G(K)-→C,p(")=cMbean
abelianrepresentation・Weusethenotationintroducedintheprevious
section.

(1)LetAK(t)=1-t+t2.Then

"(t)=(t_1)2(1+t+'2)/AK(t),"(t)=(1+t2)2,"(t)=
(1+t3+t6)2/AK(t3).

Filrther,6H(1)=22,andjgA(-1)=0Also,6EA(1)=32,and
6EA(-')='/a
(2)LetAK(t)=1-3t+t2.Then

BRA(t)=(f-')2('-7t+t2)/AK('),DMA(t)='-'8b2+'4,"(t)
=(1_7t3+t6)(1_47t3+t6)/AK(t3).

Ehrther,6gA(1)=24,and朔-1)=522Also,6EA(1)=3252,and
職(-1)＝3272/5

(3)LetAK(t)=1-3t+5t2-3t3+t4.Then

DIM((t)=(t-')4('+ｵ+9t2+t3+t4)(1_3t+t2_3t3+t4)2/AK(t),
万鼎(t)=(1+9ｵ2+29t4+9t6+t8)(1_3t2+7t4+63t6+120t8+63tlo+
7tl2_3tl4+tl6),

万脇(t)=(1+t3+9t6+t9+tl2)(1+17t3+81t6+17t9+tl2)(1+9t3+
107t6+531t9+1008tl2+531tl5+107tl8+9t21+t24)/AK(t3).

Rlrther,6gA(1)=28"2,and6"(-1)=1324Also,JIWA(1)=
2834132,andjEA(-1)=243472/13

Inthelastexamplebelow,weconsiderthecasewhereAK(t)isnot
monic.
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(4)LetAK(t)=3-7t+9t2-7t3+3t4.Then

DMI<(t)=(1/9)(t-1)4(9+5t+t2+5t3+9t4)(9-9t+13f2-9t3+
9t4)2/(1/3)AK(t),

ろ鮭(t)=(1/9)(27+35t2+45t4+35t6+27t8)(729+1701t2+1197t4_
1029t6-2492t8-1029tlo+1197t12+1701t14+729t16)/(1/3),

万脇(t)=(1/9)(9+5t3+t6+5ｵ9+9t12)(81_7t3+113t6_7t9+
81f12)(6561+16767t3+9567t6-14715t9-27896tl2-14715tl5+9567t18+
16767t21+6561t24)/(1/3)AK(t3).

R1rther,6EA(1)=24134/3,andigA(-1)=2429/3Also,f(1)=
2432232292/3,andiliA(-1)=2832172/329

Part(II):ParabolicRepresentations

6.DEFINITIoNs

Inthispart,weconsiderexclusively2-bridgeknots.LetK(r),r>0
orK(o,,6),bea2-bridgeknotoftype(QI,6),whereO<6<o,,0<r=
β/o!<1andgcd(o,,6)=1.Also,weassumethatbotho!and6are
odd.

Now,aWirtingerpresentationofthegroupofK(r)isofthefbrm:
(6.1)G(K)=<",!ﾉIW"W-'!/-1=1).
AparabolicrepresentationofG(K(7)),p:G(K(r))－→SL(2,C)will

befbundasfbllows.

s鈍叩)-(H)｡nd"(,'=(H)hc｡…．nc…伽･”
byA=(;l)｡,dB(")-(")'M""伽…ecompute
,(w)-(:":I)｡M!…0b…ero｡‘｡(z).Then
(6.2)p(")=Aandp(y)=B(so)
giveaparabolicrepresentationofG(K(w･))intoSL(2,C),[Rl.Wecall
pthecanonicalparabolicrepresentationofG(K(r))andq(z)therepre-
sentationpolynomialofp.Itisknown{Rlthat
(6.3)(1)Q(z)isanintegerpolynomialwiththeleadingcoefficientl,and
hencesoisanalgebraicinteger.

(2)Q(z)isseparableanddeg(z(z)=¥,wherer･=6/o,.
Nowlet△β,K(r)(t)bethetwistedAlexanderpolynomialofK(r)as-

sociatedtopgivenby(6.2).

〔7〕
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～

OurmaintheoreminthispartisconcernedaboutAp,K(,.)(t).

7.MAINTHEoREM

LetH(p)bethesetofall2-bridgeknotsK(7､)suchthatthereisan
epimorphismfromG(K(r))toG(K(1/P)),thegroupofatorusknotof
type(p,2).

Now,thefbllowingpropositioniswell-knownIGRI,IORSI:
Proposition7．1.αﾉK(r)EH(p)がα"donl!/がG(K(r))ismtwe(I
ontoIM(ho"-抗伽り伽eproductZ/2*Z/p.

(2ﾉK(w､)EH(p)"(wzdo""が伽co""""c"o"qfr=:isqft/ze
/brm,uﾉlle"んjα”dmja形況O"-Ze7℃伽tege7､S.

1

『＝：＝ 1

pkl-
l

2ml-
pk2-

1●

●

－

l

加'－5雨
Wedenotethecontinuedfractionabovebythesymbol

γ=I'kl,2ml,pk2,2m2,…,2mq,pk9+'1.

Usingrepresentationpolynomials,wecangiveanothercriterionwhether

ornotK('､)isinH(p).
Romnowon,wealwaysassumethatp=2"+1andG(K(1/p))has

thefbllowingWirtingerpresentation:

(7.1)G(K(1/P))=<","|Ro=1),Ro=Wb"Wb-'"-',Wb=(")".
LetpobethecanonicalparabolicrepresentationofG(K(1/p))to

SL(2,C)andlet(M"(z)betherepresentationpolynomialofpo.Bydefi-
nition,cl"(z)isthe(1,1)-entryofthematrixpo("Zﾉ)".Then,wehave:

Proposition7.2.K(r)EH(p)がαndo伽が仇epambo"crepresemα‐
"onpoll/71077Z伽α(z)qfp:G(K(r))一→SL(2,C)isdMsj61e6Zﾉα"(z).

ThepolynomialcM"(z)iswell-studiedandwelistsomeofitsproperties
Isl.

(7.2)(1)(z"(z)=nqlpX9(z),wheretheproductrunsoverallintegers
qdividingp,andXq(z)isanirreducible,separableintegerpolynomial
withtheleadingcoefficien力1．

(w)zk(2)｡"(z)=EW=0

(3)ThedegreeofX9(z)is.(9)/2,wherej(9)isEulerfUnction,i.e.the
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numberofj,1≦j≦9,suchthatgcd(j,9)=1.
WenotethatX,(z)=1,andusuallyweomitit.

Example.7.3.(1)"1(z)=X3(z)=1+z･
(2)q2(Z)=X5(Z)=1+3z+z2.
(3)q3(z)=X7(z)=1+6z+5z2+z3.
(4)X9(z)=1+9z+6z3+z4.

NowletK(r)beanelementofH(p).Thenthereisanepimorphism
P：G(K(γ))－→G(K(1/p))suchthat(p(")="andp(I/)=!ﾉ.Usinga
zerospofα”(z),wecanwritepo(")=Aandpo(Z/)=B(sp).Combining
<pandpo,wehaveaparabolicrepresentationpofG(K(w･))asp=po(p:
G(K(r))－→G(K(1/p))－→L(2,C)．Let△'0,K(1/p)(t)andAp,K(r)(t)
bethetwistedAlexanderpolynomialsofK(1/p)andK(w･),respectively.
Thenitiseasytoseethat

(7.3)(1)Ap｡,K(,/p)(t)andAp,K(")(t)arepolynomialsoverZ{sp],and
(2)Ap｡,K(,/p)(t)dividesAp,K(r)(t).

Therefbre,wecanwrite

(7.4)Ap,K(r)(t)=入p,K(r)(t)Ap｡,K(,/p)(t),where入β,K(")(t)EZISplltl.
ThemaintheoremofPartllisthefOllowing:

Theorem7､4IHMTheoremAl.

〃ﾉ入p,K(r)(1)=1,(md
（2ﾉ入p,K(,､)(_1)="2,"EZ{spl･
TbillustrateTheorem7.4,wegivetwoexamples.

Exannple7､5.(1)Letr=19/45.Sincel9/45=[3,2,3,2,31,wesee
K(19/45)EH(3).

Thenap,K(r)(t)=(1+t2)(25-72t+95t2-72t3+25t4).Since△β0,K('/3)(t)
=1+t2,itfOllowsthat入p,K(r)(1)=1and入β,K(r)(-1)=289=172.
(2)Letr=19/85.Sincel9/85={5,2,101,weSeeK(19/85)EH(5)
and入",K(r)(1)=1and",K(r)(-1)=(8s5+15)2,wheres5isazeroof
q2(z)=X5(Z)=1+3z+z2.

8．OuTLINEoFTHEPRooFoFTHEoREM7.4.

SupposeK(r)EH(P)andletX=AandY=B(sp).First,we
defineafreealgebraA(",zﾉ:ZIspl)overZisplconstructedfromthefree
groupF(",Z/).Let/:A(",!/:Z{spl)－→MZ,2(ZIspl)bean(algebra)
homomorphismde伽edby/(KI')=Xand/(!ﾉ)=Y,whereM2,2(ZIspl)
istheringof2×2matricesoverZ{spl.

〔9〕
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LetS(",I/)=/-'(O)bethekernelof/.ThenJI(sp)=A(",@/:
Z!3pl)/S(",Z/)isanon-commutativeZispl-algebra.Fbrexample,("-
1)2ES(",Z/),since(X-I)2=0.Also,("3ﾉ)""(")-"zﾉ-'-1Es(",y).
Now,considerWirtingerpresemationsofG(K(r))andG(K(1/p))

givenby(6.1)and(7.1).SinceK(r)EH(p),thehomomorphism<p:
G(K(r))－→G(K(1/p))givenbyP(砥)＝〃andや(y)＝!/sendsRtol
inG(K(1/p)).Therefbre,wecanwrite

(8.1)R=Ⅱ異,ujRogjuj~',whereujEF(",")andej=±1．
LetO:A(sp)一雌,2(Z[splltl)bearinghomomOrphismgivenby

①(")=Xtand｡(!ﾉ)=Yf.Then¥={z巽,ejUjl(¥),wheref
denotesFbxfreederivative,andhence,bydefinition,△β,K(r)(t)

=det(Z",gjuj)｡Zp｡,K(,/p)(t)anM,,K(")(t)=det(E2,ey"j)｡、
Therefbre,wemustshow

(8.2)(1Mp,K(r)(1)=det(EyL,gjuj).0=1,and
(2)A,,K(,)(-1)=det(EyL,(-1)@(坊)Ejuj)・0="2,where

の0=｡lt=Iand2(Uj)isthelengthofuj.

However,(8.2)fbllowsimmediatelyfromProposition8．1below.

Prqposition8.1[HM,Proposition5.11.(1ﾉ剛eelemen,t入(r)=EyL,gj"j
jwMA(sp)is(msmgleelement,i.e.入(r)=士uj伽someelementuﾉ伽
F(",3ﾉ).

②剛eelement入(r)=Ey:,(-')'("j)ej"jis(Mco"st｡"tm泌卿Jeq/
～

asmgleelement,j.e.入(")="⑩伽some"EZIsplα”dujEF(",z/).

Infact,weprovethattheelementfiﾉiseitherZﾉor(I/")"+'.The
number/jisaknotinvariantthatisrecursivelydeterminedinthenext
section.

TheproofofProposition8.1isdonebyinductiononthelengthof
thecontinuedfractionof7､.Inductionargument,however,issimplified
considerablybythefbllowingoneofthekeypropositions.

Proposition8.21HM,Propositions6.3and8.11.
Letr=M1,2m1,pk2,2m2,…,2mq,"+11(Ind
γ'=hlkl',2ml,pk2',2m2,…,2mq,pk6+,16ecom伽ed/mctions
andγ'・恥伽somej,hj三吋'(inodイノ，伽n入(r)=Mr')
～ ～

入(γ)＝入(γ')．

qfr
a冗。
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9.EvALuATIoNoF〃・

SupposeK(r)EH(P).Letr=Ipkl,2ml,Pk2,2m2,…,2mq,pkq+11be
aContinuedfractiOnofr.Wedefinetworationalnumbersrノandrrin
termsofothercontinuedfiactions:

r'=blk1,2m1,ph2,2m2,…,2mq_1,"land
『=hlk1,2m1,ph2,2m2,…,2mq-1,p(kq+kq+1)l.

ByProposition8.2,wemayassumel≦崎≦3,1≦j≦9+1.
Nowifkq+k9+,=0(mod4),7isreducedto

hlkl,2ml,pk2,2m2,…,27n9-2'pk9-11.
Rlrther,I'kl,27nl,pk2,2m2,…,2mj,0,2mj+1,phj+2，…,2mq,ph9+1}is
reducedto

hlk1,2m1,pk2,2m2,…,2(mj+mj+1),"+2,…,2mq,pk9+11.
Also,blkl,2ml,Pk2,2m2,…,2mj_1,pkj,0,"+1,2mj+1,…,2mq,ph9+11
isreducedto

I,kl,2ml,pk2,2m2,…,2mj_,,p(kj+hj+,),2mj+,,･･･,2mq,pkq+,1.
Giventhreecontinuedfractionsr,7･'andFIwehavethefbllowingre-

cursionfbrmulafbr".Denoteby"(7･)theinvariant"fbrK(w･)appeared
in(8.2)(2).Thenwehave:
(9.1)〃(γ)＝""(r')+"(F).
Here,(1)"[O}=0,"bl}="[2pl="[3Pl=-1,and(2)"isofthe

fbrm:"=mqb"o(kq+1,M),where6"isthe(1,2)-entryofp(")",M=

E:土描(mod4)ando(kq+,,M)isgivenbythetablebelow:
ぴ(1,0）＝4，ぴ(1,1）＝-8,ぴ(1,2）＝-4,ぴ(1,3）＝-8,ぴ(2,0）＝8，
ぴ(2,1）＝8，ぴ(2,2）＝-8,ぴ(2,3）＝-8,ぴ(3,0）＝4，o(3,1）＝8，
ぴ(3,2)＝4,ぴ(3,3)＝－8．

Example9.1.Letr=19/45={3,2,3,2,31EH(3).SinceP=3,n=1
and61=1,itfbllows"(r)="1I"[3,2,31+"(3,2,6}="1('ﾉ2"[31+"{61)+
lZ3"[31+"191=-"1"2－"1－1ﾉ3-1.

Now"1=1.1．ぴ(1,3)=-8,"2=1.1.o(1,2)=-4,1ﾉ3=1.1.
o(2,3)=-8,andhencejj(r)=-32+8+8-1=-17.

(2)Letr=19/85=[5,2,101EH(5).Sincep=5,'z=2and
62=2+s5,s5beingazeroof(I5(z)=X5(z),weseethat"(r)=
""{51+"{151=－〃-1,and"=1.(2+s5)o(2,3)=-8(2+s5),and
hence,"(w･)=8(2+s5)-1=8s5+15.(SeeExample7.5.)

10.SILvER-WILLIAMsCoNJEcTuRE

Inthislastsection,westudythetotaltwistedAlexanderassoci-

atedtothecanonicalparabolicrepresentationpofa2-bridgeknot

[11]
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K(w･),w･=6/o,.Letsobeazeroof(z(z),therepresentationpolynomial

ofp.Thuspisgivenbyp(")=Aandp(!/)=B(so).LetDp,K(r)(t)be
thetotalAlexanderpolynomialofK(w･)associatedtop.ThenD.Silver
andS.WilliamsproposethefOllowingconjecture:

ConjecturelO.1.〃ﾉDp,K(r)(1)=22q"d(2)Dp,K(r)(_1)=m222,
伽e祀伽stllede97℃eqftllem伽加aIpoly7zo伽ajQfso(zndmis(mmteger.

Inthissection,firstweproveConjecturelO.1fbrtorusknotsK(1/p),
andthenweprovetheconjecturepartiallyfbraknotK(w･)inH(p).

NowtoproveConjecturelO.1,weneedtospecifyarootso.Sup-

posesoisazeroofX9(z),sayso=')b,whereqisadivisorofp.
SinceX9(z)isirreducible,itistheminimalpolynomialof'yq.Let
&:G(K(1/p))-→SL(2,C)bethecanonicalparabolicrepresenta-
tionofG(K(1/p))givenbyf9(sc)=Aand<9(!ﾉ)=B('ｿ｡).Since'yqis
azeroofX9(z),&alsodefinesthecanonicalparabolicrepresentationof
G(K(1/9))intoSL(2,C).

Ontheotherhand,sincejqisazeroofXq(z),itisknownIRlthatthere
isanepimorphism':G(K(1/p))一→G(K(1/9)).nrther,&induces

～

thecanonicalparabolicrepresentationgq:G(K(1/9))-→SL(2,C)
～ ～ ～

givenby&(")=Aandf9(Z/)=B(')b).Combining"and<9,werecover
～

<9asgq=M.
Nowwehaveacoupleofrelationshipsbetweenthetotaltwisted

AlexanderpolynomialDg,,K(,/p)(t)andD5,K(,/9)(t).

PropositionlO､2[HM,Proposition3.5andTheoremlO､2]．(1ノ

Dgq,K(,/p)(t)=(1_t29+t49-…+t2(d-1)9)2qD5,K(,/9)(t),"ered=p/9
α""9=degx9(z).

②LetTube(MzeroqfX"(z),ulp.The"'"e/MM"en"lpDf",K(1/p)(t)=
(1+t2)(1+t4"+2)n-1,f"he形仇epro(ifjctrwDsof)era"canomcalpambo"c
γEpreSentα"o”s<":G(K(1/p))-－→SL(2,C).

側Dg9,K('/p)(士1)=229.

Inparticular,ifpisaprime≧3,thenq"(z)=Xp(z)andhence
PropositionlO.2(2)shows

(10.1)Dtp,K(,/p)(t)=(1+t2)(1+t4"+2)"-1●

Therefbre,D<p,K(,/p)(士1)=2".Noten=(p-1)/2=degXp(z),ifpis
●

aprlme.

Ifpisnotprime,then(10.1)maynotbetrue.(SeeExamplelO.4.)
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TbproveConjecturelO.1fbrK(1/p)ortoprovePropositionlO､2(3),

wenotethatn",pD<",K(,/p)(±1)=2"andshowthatD5,K(,/q)(士1)=
22q.

Letp=plc'p2c2…pkckbethefactorizationofpimoprimes・If

Zi=,Cj=1,thenPropositionlO2(3)fbllowsfrom(10｣)andthenuso
inductiononE#=19

Finally,weproveConjecture10.1partiallyfbraknotK(r)inH(p).
Ibbemoreprecise,letP：G(K(r)）－－→G(K(1/p))beanepimor-
phism・Asbefbre,letTqbeazeroofX9(z).Using<9:G(K(1/p))-
SL(2,C),<9(")=Aand29(")=B('yq),wehaﾊﾉethecanonicalparabolic
representation島や：G(K(r)）－→G(K(1/p))－→SL(2,C).Thenthe
fbllowingpropositionpartiallyprovesConjecturelO.1fbrourcase.

PropositionlO.3．αﾉDg9IP,K(r)(1)=22q,(2)Df9IP,K(")(-1)=",2229,
1"ﾉ'ere29ist/DedegreeqfX9(z)(Mn"9is(m""eger.

PropositionlO.3fbllowsfromTheorem7.4andPropositionlO.2.

ExamplelO.4.(1)Letp=9andn=4.ThenQ4(z)=X3(z)X9(z).

First,by(10.1),D(3,K(,/3)(t)=1+t2,andbyPropositionlO.2(1),we
see

D<3,K(,/9)(t)=(1+t2)(1-t6+tl2).Rlrther,byPropositionlO.2(2),
D<3,K(1/9)(t)Dg9,K(1/9)(t)=(1+t2)(1+tl8)3,andhence,
D<9,K(1/9)(t)=(1+t2)(1+tl8)3/(1+t2)(1_t6+tl2)=(1+tl8)2(1+t6).
TherefOre,D<3,K(1/9)(士1)=2andDg9,K(1/9)(il)=23.Notethatdeg
X3(Z)=1andlde9X9(Z)=3.
(2)Letp=15andn=7.Then(z7(Z)=X3(Z)X5(Z)X15(Z)and

Dg3,K('/'5)(t)
＝入<3,K(1/15)(t)D<3,K(1/3)(t)=(1+t2)(1_t6+tl2_tl8+t24),

D<5,K(1/15)(t)=
（入<5,K(1/15)(t)12Dg5,K(1/5)(t)=(1_tlo+t20)2(1+t2)(1+tlo).

Sincenj=3,5,15Dgj,K(1/15)(t)=(1+t2)(1+t30)6,itfbllows
D<,5,K('/'5)(t)

=(1+t2)(1+t30)6/D<3,K(1/15)(t)D<5,K(1/15)(t)
=(1+t6)(1+tlO)(1+t30)3/(1+t2).

Andhence

D(3,K(1/15)(士1)=2,D<5,K(1/15)(士1)=22andD<,5,K(1/15)(±1)=24.
NotedegX5(z)=2anddegX15(z)=4.

〔13〕
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RemarklO､5.WelearnedveryrecentlythatD.SilverandS・Williams

provedConjecturelO.1(1)fbr2-bridgeknots.
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