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G ����	
�	�
γ(G) � G �����	

��
�ω(G) = min{Σ|f(G)∩ li|+ Σ|f(G)∩mi|; f : G −→ Fγembedding} 	���
���(li, mi) �������� !"Fγ �longitutude, meridian �#�$��
%�	���Tγ �2 cycle &2'
4-cycle (γ − 2)'�(�)*�+,�)*���
�� -"R2 �./012���%�	����U(Tγ) = U(Tγ, R

3) �Tγ � R3

�3��45	���

(1) Tγ �2-cycle, 4-cycle� interior disjoint�67�γ8�disk�D1, D2, ...., Dγ

	

Di ∩ ∂U(Tγ) = l′i 	39�Fγ = ∂U(Tγ) 	

m′
j � U(Tγ) :� disk �

6;
|m′
j ∩ l′i| = δi,j �<��%�	�����

m1` mγ̀
m2`

ℓ2`
ℓ1`

ℓγ`

m1` m2`
ℓ2`

ℓ1`

これは無い

+ 1:

(2) {l′1, m′
1, ....., l

′
γ, m

′
γ} � =>? & 1 �@�=> Mϕ �AB
�%��

{l1, m1, ....., lγ, mγ}(li = ϕ(l′i), mi = ϕ(m′
i)) 	���C�mi � U(Tγ) �DE�

6;
lj � S3 −U(Tγ) �DE�6�%�	������ ϕ : Fγ −→ Fγ �FGH
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�� 1������[1][2]��
(1) n-�	
��
���Qn ����ω(Qn) = 8γ(Qn) ���������
γ(Qn) = (n − 4)2n−3 + 1 ( [5] )
(2) m, n����� �!"2#���Km,n ����

ω(Km,n) = 4γ(Km,n) ���������γ(Km,n) = (m−2)(n−2)
4

�$�%��&

�'(m, n ����)*+,(-./)�([3] )� m, n�)012�3�4�
self-attachment �56�7�8( ω �&�9:;< ��6�<��

=>2,3 �minimal embedding�γ, ω �$���<)'?@���
�� [ I ]�!"2#��� K4,4 ( γ = 1, ω = 4, H − graph�(Hamilton���),
Int.doubled linked graph �56�2-appex /���Int.knotted �(/)�A
BCD� m ≥ n �� �$�EFG� ms(Km,n) = n B4��m ≥ n + 2 /
HH − graph �(/)��IJKLMNOP�����

Q� K
(1)
4,4 γ = 1, ω = 4 K

(2)
4,4 γ = 1, ω = 4
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Virtual Book presentation,  3 枚目と 4 枚目が反対

 Book presentation
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K
(3)
4,4 γ = 1, ω = 2 + 4 = 6 K

(4)
4,4 γ = 1, ω = 2 + 3 = 5
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K5,4, K6,4 �������

K(1)5,4
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self-attachment 無し
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[II] Q4 �γ = 1, ω = 8, ms = 3, H − graph �	
��
�ms(Qn) = n − 1
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Q(3)4 Q(1)4は の鏡像である
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���K4,4, K5,4, K6,4, Q4 �����	
��
�������{γ, ω, ms}
���� ambient isotopy, mirror image, sheet translation �
�������
��
� !"#$% �&'�(

)*�+&
,-./0#12 �$(

3456�78�9:�;<�$=�>
�?��Q4 � (6, 6, 4), (6, 5, 5) @A�B
CDEF/G�$(�HIJK
EF/LM56?standard presentation)�NO
P#$(��

3456�78�;<�$=�QRST?��Kn �U�$canonical 56?JVAA
3WX� K7 ��� γ, ω /��$(���
3sheet translation ���Y��Z
 [$�&(���
3 Qm N Intrinsic twisted n-lantern �\]��^&(��
3Km,n � Virtual Book 56�_`#$��/ Qn ��0#(

� 456a�b�cdSe?c78A�9:�;<�$=f&*g*�$>


�_#$EF��
�

G /hijN#$(?H-graph, pseudo graph �klN�m
A��
ms(G) = s /456�nodSefN#$(��
pqf�>
 (n1, n2, ..., ns) �U
����
3 ni / iIr�dSe�9:�;<�$=fN#$(��
� ��a i < j �* ni ≥ nj N�$m^��*��Ul(��

{(n1, n2, ...., ns)}G �BCDEF/G�$(#��s N = (n1, n2, ...., ns),
N ′ = (n′

1, n
′
2, ...., n

′
s) Na�NK�

n1 > n′
1 �* N > N ′; n1 = n′

1, n2 > n′
2 �* N > N ′ N#$(tuvw(

3{(n1, n2, ...., ns)}G �nJx�standard&y?#��snodSef/��&yA
3�a�standard  zf��{standard ��'��canonical ��
�� �$
|}~ �
(

3 �'�canonical /OP#$�����QRST/�
$12 �$(�

����

[1] Kobayashi,K and Kodate,T : Minimal embedding of complete bipartite
graphs on surface, JCCGG 2009 (Kanazawa) 133-134

[2] ibid : Minimal embedding of hyper cubic graphs on surface, Proc. CGGA
2010 (Tailien) 69-70

[3] Ringel, G : Das Geshlecht des vollstandigen paaren Graphen, Abh. Math.
Sem. Univ. Hamburg, 28 (1965), 139-150

5



[4] Ringel, G. and Youngs, J.W. : Solution of the Heawood map-coloring
problem, Proc. Nat. Acad.Sci. USA, 60 (1968), 438-445

[5] Ringel, G.: Map Color Theorem, Springer-Verlag, Berlin, 1974

�

6


