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11ntroduction

LetGbeaHamiltongraph(abbr.Hgraph)andAbeaHamiltoncycle(abbr.

H-cycle)onG.If(G,A)(j=1,2)aresudnpairandifthereisanautomorphism

pEA1Lt(G)withp(A,)=42,wesaythat(G,A2)belongstotheautomorphism

class{G,A,]of(G,A,).Wedenotethesetofautomorphismcl"sesby{IG,A]}.So

{[G,A]}=鴨斜Ibmvestigate{{G,A]}wesayaknottheolyintheH-graphC.
InthispaperwewillinvestigateaknottheorymthehypercubicgraphQ4.Inthe

sequelwedenoteV(G),E(G)thesetsofvertims,edgesofGrespectively.Fbrother

knottheorymothergraphs,see({KF21).

2Deanition

TViehypercu6ic9mphQniSd9mphdalined(zs/b"ofusjDennitionlThehype7･cu6ic9mpノ

(1ﾉQ"isthel-skeletonqfthefz-cu6e o r

沌

仰冗塊mesqfthemmpletegmphKho7z2tJef･tices,thqtis,j7zductitJelydafnesby
Q,=K@

Q"=Q"_,×脇(nsQgmphノ

PropositionlZhehmpe7･ctjbicgmphQ"hastheん"o"7Zgpmpefties;

(IﾉQ"isα”-fWuJ",6Wrtitegmpん，

1



(Z2)

便ﾉQ"(”≧2)isa""@m"ton9mph,

(SJQ"参."snot"nt"冗仇e"mplefe9mph崎o凡3ひeffj"sand

〃恥emi7ZimumSheetm"7Z6erQMeS"CepmSe7Ztα〃o冗"js(Q")="jsA(Q,l)=”－1

(眠圧Tソノ

(5Mbryz=3jtisqpjqylcrgmph,@nd""Z4"is@?zoiz-pla冗argmp九．

(6/ZWe"tomomhism97℃叩Q/Q",A"(Q")={&la,竺晶×(Z2)"(側ﾉ.釦仇e
o'秘erq/仇e9，噸is”!×2'0.

(7ﾉmegenus9(Q")=(れ－4)2"-3+1(IB-".

(8ﾉmemn""蜘吻脇(Q")=汎倣叫

(9/Asitisα”onpIGTzargmph,"is7zo""ptα例e6",(W".

A冗dQ3isQlsonoかαd叩加61eprotJed6y】七Stlhα､．

(IOﾉQ4is@self"nk"gmph(眠"ﾉ．

β〃Q5jSqS呼師ottedgmphpmlﾉed6yaSuzuki.

OnmorepropertiesofQ,&anddetml,see(Kll)

Tbinyestigate{Q4,△lweconsiderthecomplementC(A):=Q4-E(A).Q4isa

4-regularaudAisaWcle.SoasC(A),therearemllowing7p-ibiliti";

(QisacycleoflengthkandthecupisthediSjointunion)

(1)q6(2)Q2UQ(3)CloUQ(4)QU"

(5)QUQUC4(6)QUQUQ(7)QUGiUQUQ

(SinceQnisabipaxtitegraph,therearenocycleswithoddiength.)

TbdenoteQ4diagramaticallyiweusea''sqUarenesteddiagram(Fig.1)".Andwe

sayasquarepaxt(orsquarepartedge),aaoatinged"asFigu,も2.
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3PropositionsandTheorern

Proposition2"doesnoｵ“ppenth"Q4-E(A)=qUC4UQa冗｡△nqんas

冗oa4ね“冗加e7fj"so冗△．
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Proof.IfAnq=8vertimsdonotadjacentona,AnqaJ･eevelyothervertices

onA.Sotheyhavesameparityand"isdennedbyjoiningthevertic=withsame

paritybltisacontl･adiction. ロ

Proposition3"does7zothqppe冗餓ecaseC(A)=C,2UQ.

Proof・Thepatternsof4CyclecontainedinthesquarenesteddiagramofQ4are

theわuowmgCl,","(Fig.3).IfC(A)=C,2UC4,C,2andC4arediSjointeaCh
other.SowedeleteqandtheedgesmcidenttoQHbmQ4.

□
ｑ

皇□、、/-､or

c;
両.3

c:

(1)ThecaseC4=Cl.Thepatternsofl2-CyclescontainedinQ4-CI(Fig.4)are

Cli',Cif,Cl#(Fig.5)(uptorotationaudreN'ersmgofQ4)

回 bd
噸cla c'f

R1･5肩1.4

(2)ThecaseCd=".Thepatternsofl2cyclescontainedinQ4-鰯(Fig.6)are
Cfil,Cr,Cr(Fig.7)(uptorotationandreversingofQ4)

cM c麓c置

F1"R1･6
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(3)ThecaseC4=".Thepatternsofl2-cyclegcontainedinQ4-鰯(Fig.8)are
c&',cW,cW(Fig.9)(uptorotationandreversmgofQ4)

蝿 CWf 鰍

岡9 Fi.1
"cM

ItisnecessalyQ4-E(CiUCi3)(d,jasabove)connectedtobeC(A)=C,2UC4.
ButallllcasesofQ4-E((MUCi;)asaboveisnotConnected.Therefbreitdoes

nothaPpenC(A)=Ci2UQ.D

Proposition4"does"ot/WPe"thec(MseC(A)=UL,(M.

ProofWemo"emur4-"cl雷hom{Cl,","}(Fig.3)mQ4repeatedly

(repeatedcombination3H4)anddisposediSjointlyITherearel5casesofchoosing.
Eamcaseofl5choosmgsofQ4-E(UL,Ci)cannothappenorisnotconnected.

SoitdoesnothappenthecaseC(A)=ULIGi.O

Proposition5"dOesnothqppenthecqseC(A)=CMU".

Proof.Thepatternsof8CyclemQ4are"(i=1,2,…,6)asfbllows(Fig.10)

c;

/ﾉーLごユ
噂 島 c; a c;

Wed,oocetwo8cycleshom"(i=1,2,…,6)anddisposediSjointly;Thereare

21casesofchoosm"(6HZ=21).Eamcaseof21moosmgscannothappenoris

notconnected.SoitdoesnothappenthecaseC(A)="U畷．p

Inthebllowingsectionwewillshowthattheremainmgcases(1),(3),(5),(6)happen
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andthereal･e5classesof(1),1cl"s

weob#ainafbnowing.

of(3),2el"s=of(5)andlcl"sof(6).So

Theorernl#{IQ,,,Al}≧9

ExaInple4

(I)Auses48oatingedgesofasquarenesteddiagramofQ4
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(II)Auses3floatingedgesofasquarenestedditeddiagramofQ4.
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(z).

aH-cycle)

'dingtotheorderofverti=ofAis

69121l

ofC16withx℃specttoAis

iingtotheorderofverti=ofCi6is

691211

ofAwithx=pecttoC16is

1 2

冠
》2

(1)(Z) .

(1)C(A)=C16(i･e.C(A)=Ci6EalsoaH-cycle)

AseqUenceofveIticesofO,6accordingtotheorderofverti=ofAis

｛183105141121547161369121l
AseqUenceoflengthoftheedgesofC,6withx℃specttoAis

｛7575737353737335｝

AseqUenceofveIticesofAaccordingtotheorderofverti=ofCi6is

{1831051411215471613691211

AseqUenceoflengthoftheedg"ofAwithx=pecttoC16is

｛75757373537373351

SothereisanautomorphismPEA"(Q4)withP(A)=C16

(2)C(A)=C16･

AsequenceofverticesofC,6accordingtotheorderofverticsofAis

｛141185169147123615213101｝
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(24)

AseqUenceoflengthoftheedgesofCibwithl℃specttoAis

｛3733575757373537l

AsequenceofverticesofAaccol･dingtotheordel･ofverticesofC,6is

｛147161369141121583105121）
AsequenceoflengthoftheedgesofAwithlもsPecttOCi6iS

｛3373735373757575l

SothereisanautomorphismpEA"(Q4)withp(A)=CI6

Auses2aoatinged=ofasquaren=teddiagramofQ4.(III)
土 九 ‘ 11

（4）

l＋ 11ャ 12午

RI13.

、58 5 ｜
Ｉ9 7lも I I

(5)(3)(2,）(1）

(1)C(A)=QUQUC4andAnqhasf)urpaixsofadjamnntvertimsonA.

(2)C(A)=QUQUC4andAnqhastwopai1sofadjacentvertiCesonA.

(3)c(A)=ci6.

AseqUenceofverticesofCi6accordingtotheorderofverticesofAis

｛181121341569163105127141］

AsequenceoflengthoftheedgesofCi6with1℃specttoAis

{73757573737575731
AseqUenceofverticesofAaccordingtotheorderofvertic"ofC,6is

I18112134156916310512741｝
AsequenceoflengthoftheedgesofAwithespecttoC,6isequalto

thatofO,6withl=pectto△・

SothereisanautomorphsmやofQ4withや(△)＝C16

(4)C(A)=C16･

AsequenceofverticesofO,6accordingtotheorderofverticesofAis

I110716136114921585143121｝
AseqUenceoflengthoftheedesofC,6withespecttoAis

｛7373757573737575｝

AsequenceofverticesofAaccordingtotheorderofverticesofC16is

｛110158136312927165141141］
AseqUenceoflengthoftheedgesofAwithl℃speCttoC,6is

I75757373757573731.
WedeaneanautomorphismpofQ4asわueWS;

13－1，6－10，11－15，4－8，9－13，2－6，15－3，
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(Z7)

8－→12，5－→9，14－→2，3－→7，12－→16.1－→5,10－→14,

7－→11，16－→4．

Then"(A)=C16.

(5)C(A)=CIoUQ.

(IV)AusesliloatmgedesofasqUarenesteddiagramofQ4.
1

回 一画
fall-12牛1112

（3）（ﾕ）

1 私 Z
I5

Fil･''+
一

コ
13 144

(4．）(1)

(1)C(A)=QUCqUqandAnqh"mm･paJ鱈ofadjacentverticeson4.

(2)C(A)=C16･

Asequenceofvertic=ofC,6accordingtotheorderofverticesofAis

I161116132712914385101541］

AseqUenceoflengthoftheedgesofC,6withrespecttoAis

｛5553555355535553l

AsequenceoflengthoftheedgesofAwithrespecttoG6is

thesameasthatofC,6withrespecttoDe"α・

SothereisanautomorphismPofQ4withP(A)=C16.

(3)C(A)=Ci6･

AsequenceofverticesofCi6accordingtotheorderofverticesofAis

｛18154721169145123161310l

AseqUenceoflengthoftheedgesofC,6withrespecttoAis

｛7753575357773337｝

AsequenceoflengthoftheedgesofAwithrespecttoC,6is

thesameasthatofC16.

SothereisanautomorphismpofQ4withP(A)=C16.

(4)C(A)=Cl6･

AseqUenceofverticesofC,6accordingtotheorderofvertimsofAis

｛18361321549161114510721

AseqUenceoflengthoftheedgesofC,6withrespecttoAis

｛7537535575375355｝

AndaseqUenceoflengthofedgesofAwithrespecttoC,6isthesameas

thatofC16･

Sothereisanautomorph$mpofQ4with･P(A)=C16.
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(2酌

edgeofasqUarengteddiagramofQ4.(V)Adoesnotusesaoating
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（1）

(1)c(A)

(2)c(A)

(3)c(A)

(4)c(A)

Fbrtheわuowingexampleml～V,wecanmakeanautomorphismpsendmgeach
otherasmllowS.

(I-1)－→(〃I-2)byp(i)=j+2wherep(15)=1,"(16)=2.

(I-3)－→(v-1)句い(i)=j(i=1,2,…,16).

(I〃－1)一→(IV-1)byP(d)=i(j=1,2,…,16).

（〃I-5)一→(I-4)町や(j)＝j＋4whereや(13)＝1etc．

(Iv-1)－→(v-1)切り(i)=i+1whereP(16)=1.

(v-1)－→(v-2)町や(§)＝j＋1whereや(16)＝1．

(v-3)－→(I-1)byp(i)=j+2wherep(15)=1,p(16)=2:

(v-4)－→(V-3)町や(i)＝j＋2whereや(15)＝1,や(16)＝2．

Remark.E.N.Gilbertalreadyproved#{{Q4,A}}=9({GI).Butwecouldnot

understandthestructl江eofthecomplmentoftheHamntonWclehomthatpaper.

Sowestudied#{IQ4,A]}homtheotherviewpoint.
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